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Using a uniformization map we determine the holographic entanglement entropy for states of a
Warped Conformal Field Theory dual to a generic vacuum metric in AdS3 gravity with Compe`re–
Song–Strominger boundary conditions. We point out how that expression could lead to inequalities
that can be interpreted as quantum energy conditions for Warped Conformal Field Theories.
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INTRODUCTION AND SUMMARY
The stress-tensor Tµν of a Quantum Field Theory
(QFT) dictates through Einstein’s equations contraints
on the geometry arising semi-classically when coupling
gravity to matter described by this QFT. Various en-
ergy conditions on Tµν can be formulated, expressing for
instance the positivity of energy density (Weak Energy
Condition) or causal propagation of energy flow (Dom-
inant Energy Condition). A weaker energy condition is
the Null Energy Condition (NEC).
Tµνk
µkν ≥ 0 ∀kµ | kµkµ = 0 (1)
The proofs of the black hole area law [1] or singularity
theorems [2] crucially rely on the NEC. This condition,
however, is violated quantum-mechanically, e.g. in the
Casimir effect or by Hawking radiation. Instead, quan-
tum mechanically QFTs typically obey non-local condi-
tions such as the Averaged NEC (see e.g. [3, 4] for re-
cent proofs and refs. therein), which states that negative
energy fluxes along null directions are compensated by
positive energy fluxes (with “quantum interest” [5]).
The Quantum Null Energy Condition (QNEC) [6] is a
local energy condition conjectured to extend NEC to the
quantum regime, and has attracted a lot of attention in
recent years [7–14], including proofs for free QFTs [15],
for holographic Conformal Field Theories (CFTs) [16],
then for general CFTs [17], and shown to hold universally
for generic QFTs under the same assumptions required
for the averaged NEC [18]. For two-dimensional CFTs
(CFT2), QNEC reads [6, 19]
2pi 〈Tµνkµkν〉 ≥ S′′ + 6
c
S′ 2 ∀kµ | kµkµ = 0 (2)
where c is the central charge of the CFT, 〈Tµνkµkν〉 the
expectation values of the null projections of the stress
tensor for a given state and S is the entanglement entropy
(EE) for an arbitrary interval of this state; prime denotes
variations of EE with respect to null deformations in the
null direction defined by kµ of one of the endpoints of the
entangling region.
In the context of AdS3/CFT2, it was shown that
QNEC saturates not only for the vacuum, for states dual
to particles on AdS3 or BTZ black holes, or for any state
that is a Virasoro descendant thereof [13], but also for
all states dual to Ban˜ados geometries [20], some of which
describe systems far from thermal equilibrium [14]. This
was done exploiting the fact that all Ban˜ados geometries
are locally AdS3 and using a uniformization map between
Poincare´ AdS3 and the Ban˜ados geometries [21].
Following a similar strategy, a Quantum Energy Con-
dition was derived recently [22] for a class of non-Lorentz
invariant holographic theories with BMS3 symmetries,
through a uniformization map between Minkowski space
and the flat version of Ban˜ados geometries [23], yielding
inequalities involving the supertranslation and superro-
tation fields instead of the CFT stress-tensor.
In this note, we take the first steps towards extending
these results to another class of non-relativistic theories,
Warped Conformal Field Theories (WCFTs) [24]. We
first review the results for AdS3 gravity with Brown–
Henneaux boundary conditions and the derivation of the
satured version of (2) for Ban˜ados geometries. We then
turn to a simple holographic model for WCFTs, consist-
ing in pure Einstein gravity in 2 + 1 dimensions with
a negative cosmological constant and chiral/Compe`re–
Song–Strominger (CSS) boundary conditions [25]. The
role of the Ban˜ados geometries there is played by a gauge-
fixed and on-shell version of the CSS boundary condi-
tions, referred to as CSS geometries. We determine a
uniformization map that allows us to derive EE for states
of a WCFT dual to these geometries. We express com-
ponents of the holographic stress tensor in a form rem-
iniscent of the saturated form of QNEC (2). Whether
these can be turned into Quantum Energy Conditions
for WCFTs will be explored in a forthcoming work [26].
ar
X
iv
:2
00
6.
16
16
7v
1 
 [h
ep
-th
]  
29
 Ju
n 2
02
0
2WARPED CONFORMAL FIELD THEORIES
A WCFT is a two-dimensional QFT invariant un-
der “warped conformal symmetries”. Parametrizing the
plane with coordinates t±, these are given by
t+ → f(t+) t− → t− + g(t+) (3)
where f(t+) and g(t+) are two arbitrary functions. These
theories are not Lorentz-invariant, and the symmetries
(3) can be shown to arise by assuming translation in-
variance and chiral scaling [27], comparable to the emer-
gence of local conformal symmetry in unitary Poincare´-
invariant two-dimensional QFTs with a global scaling
symmetry and a discrete non-negative spectrum of scal-
ing dimensions [28]. Reparametrizations of t+ and
coordinate-dependent translations of t− are generated by
a stress tensor T (t+) and current density P (t+), whose
modes span a Virasoro-Kacˇ-Moody algebra with global
sl(2, R)⊕ u(1) subalgebra.
The study of WCFTs was triggered by the search for
holographic duals to the near-horizon region of extremal
black holes [29–31] and Warped AdS3 (WAdS3) spaces
[32, 33], exhibiting an SL(2, R) × U(1) symmetry. The
asymptotic symmetry algebra (ASA) of WAdS3 spaces
was shown to precisely consist in a Virasoro–Kacˇ–Moody
algebra [34–38].
The holographic duality relating WAdS3 spaces and
WCFTs has passed several tests, including the matching
of Bekenstein–Hawking entropy [24], of greybody factors
from correlation functions [39] and of one-loop determi-
nants in the bulk from characters [40]. Explicit examples
of WCFTs have appeared in [25, 41–43]. Importantly for
this work, universal expressions for EE in WCFTs were
derived holographically [44–46].
SATURATED QNEC FOR HOLOGAPHIC CFT2
In this section we review a holographic derivation of
the saturated QNEC for CFT2. In AdS3 gravity with
Brown–Henneaux boundary conditions, the most gen-
eral vacuum solution in Fefferman-Graham gauge is the
Ban˜ados metric [20] (see also [21, 47])
ds2
`2
=
dz2 − dx+ dx−
z2
+ L+ dx
2
+ + L− dx
2
−
− z2L+L− dx+ dx− (4)
where L± = L±(x±) and ` is the AdS radius.
The expectation values of the stress tensor are related
to the functions L± present in the Ban˜ados metric (4) by
2pi 〈T±±〉 = c
6
L± (5)
where c is the Brown–Henneaux central charge [48]. The
Poincare´ patch is just a special case where L± = 0 in
(4). As the Ban˜ados metric is locally AdS3, there is a
mapping for the Poincare´ patch to (4) [49, 50]:
x±P =
∫
dx±
ψ±2
− z
2ψ∓′
ψ±ψ∓(1− z2/z2h)
(6a)
zP =
z
ψ+ψ−(1− z2/z2h)
(6b)
where the functions ψ±(x±) obey Hill’s equation:
ψ±′′ − L±ψ± = 0 (7)
and zh is one of the Killing horizons of the Ban˜ados met-
ric (4). Expressing the two independent solutions of Hill’s
equation by ψ±1,2, it is convenient to normalize them as
ψ±1 ψ
±′
2 − ψ±′1 ψ±2 = ±1 . (8)
From this diffeomorphism, we can find the holographic
EE of the Ban˜ados metric starting from the one of the
Poincare´ patch [51]:
SPP =
c
3
ln
l

=
c
6
ln
(
(x+1 − x+2 )(x−1 − x−2 )
2
)
(9)
where x±1,2 are the boundary points of the entangling in-
terval l. It is sufficient to know the near boundary be-
haviour of (6) to compute the holographic EE. Close to
the boundary, one has the conformal transformation
x±P =
ψ±1
ψ±2
zp =
z
ψ+2 ψ
−
2
(10)
and one finds [50]
SHEE =
c
6
ln
l+(x+1 , x
+
2 )l
−(x−1 , x
−
2 )
2
=: S+ + S− (11)
with
l±(x±1 , x
±
2 ) = ψ
±
1 (x
±
1 )ψ
±
2 (x
±
2 )− ψ±1 (x±2 )ψ±2 (x±1 ) . (12)
We are now in position to show that the Ban˜ados geome-
tries saturate QNEC [14]. Defining the ‘vertex function’
V := exp
(6
c
S
)
=
l+(x+1 , x
+
2 ) l
−(x−1 , x
−
2 )
2
(13)
it is straightforward to show that it satisfies Hill’s equa-
tion (7),
V ′′ = L±V . (14)
On the other hand, the definition (13) implies
V ′′
V
=
6
c
(
S′′ +
6
c
S′2
)
. (15)
Now, using the relation between the stress tensor and
the functions L±, proves that for the Ban˜ados metric the
QNEC inequality (2) saturates.
2pi 〈T±±〉 = S′′± +
6
c
S′2± (16)
3HOLOGRAPHIC WCFT MODEL
We take as our holographic model AdS3 gravity (again
with AdS radius `) with CSS boundary conditions [25].
The counterpart of the Ban˜ados metric is given by
ds2
`2
=
dz2
z2
−
( 1
z2
+
2∆
k
P ′ +
∆
k2
Lz2
)
dt+ dt− +
∆
k
dt2−
+
(P ′
z2
+
1
k
(L+ ∆ P ′2) +
∆
k2
L P ′ z2
)
dt2+ (17)
where k = `/4G, ∆ is a constant and the functions P ′ =:
∂+P and L depend on t+ only. If the latter functions
vanish, we recover an extremal BTZ black hole with `M−
J = 0 and `M + J = ∆ [25]. The asymptotic boundary
is at z = 0; to map it to r = +∞ we use from now on
r = 1/z as radial coordinate.
Asymptotically the CSS metric (17) has a Virasoro–
Kacˇ–Moody algebra symmetry that acts at the boundary
as
t+ → f(t+)
t− → t− + g(t+) (18)
and is generated infinitesimally by the asymptotic Killing
vectors
ξ() = (t+)∂+ − r2′(t+)∂r + subleading
η(σ) = σ(t+)∂− + subleading
(19)
The corresponding charges generating the Virasoro–Kacˇ–
Moody algebra are given by
Q =
1
2pi
∫
dφ (t+)
(
L−∆P ′2) (20a)
Qσ =
1
2pi
∫
dφ σ(t+) (∆ + 2∆P
′) (20b)
UNIFORMIZED WARPED ENTANGLEMENT
ENTROPY
In this section we derive the EE expressions for the
family of metrics (17) after deriving a warped version of
the uniformization procedure reviewed above.
Subleading terms
We first derive the explicit form of the infinitesimal
diffeomorphism (19). The infinitesimal transformations
leaving (17) invariant are of the form [23, 47]:
χr = r σ(r) χa = a(xb)− `2∂bσ
∞∫
r
dr′
r′
γab(r′, xa)
(21)
where ds2 = `2 dr
2
r2 + γab(r, x
c) dxa dxb,  is a conformal
Killing vector at the r =∞ boundary and σ is the Weyl
factor of .
The explicit results
χr = −r
2
′ (22a)
χ+ = (t+) +
k∆′′
2(k2r4 − L∆) (22b)
χ− = σ(t+) +
k(kr2 + P ′∆)′′
2(k2r4 − L∆) (22c)
yield finite variations of the functions defining the phys-
ical state
δχL = 2
′L+ L′ − k
2
′′′ (23)
δχP
′ = (P ′ − σ)′ (24)
We recover the same infinitesimal transformation for L
as in the Ban˜ados metric. This is expected, since in both
cases there is an underlying Virasoro symmetry. The
transformation of P ′, however, is not governed by Vi-
rasoro symmetries; instead, it is governed by u(1) Kacˇ–
Moody symmetries.
Uniformization from extremal BTZ
In the boundary conditions of [25], ∆ is a fixed con-
stant, and one cannot reach a metric (17) with ∆ 6= 0
from one with ∆ = 0, in particular Poincare´ AdS3.[58]
Therefore, let us consider a CSS metric with ∆ 6= 0 and
vanishing P ′ and L.
ds2P
`2
=
du2 − dy+ dy−
u2
+
∆
k
dy2− (25)
The change of coordinates between (25) and (17) is given
by
y+ =
∫
dt+
ψ2
− ∆ψ
′z4
ψ(kψ2 −∆ψ′2z4)
y− = t− − C(t+)−
√
k
∆
artanh
(√
∆
k
ψ′
ψ
z2
)
(26)
u =
√
kz√
kψ2 −∆ψ′2z4
where C(t+) and ψ(t+) are given by the warped analogue
of Hill’s equation.
P ′(t+) = C ′(t+) ψ′′ − L(t+)
k
ψ = 0 (27)
4Uniformized entanglement entropy
EE for a WCFT in a state dual to (25) is given by
[44–46, 52][59]
SEE = −
√
∆k(y−1 − y−2 ) + k ln
[√
k
∆
y+1 − y+2
22
]
(28)
where y±i are the endpoints of the interval and  a UV
cut-off.
Performing the diffeomorphism (26) yields the EE of
the WCFT state dual to the CSS metric
SEE = SP + SL (29)
where we separated the entropy in a Kacˇ-Moody part SP
and a Virasoro part SL
SP = −
√
∆k(t−1 − t−2 − C(t+1 ) + C(t+2 )) (30)
SL =
c
6
ln
[√
k
∆
l+(t+1 , t
+
2 )
22
]
(31)
and used the same normalization for ψ than in the CFT
case and (12).
WCFT saturation equations
The AdS3 stress tensor [53–56] for the CSS boundary
conditions reads [60]
12pi
c
〈Tab〉 = g(2)ab − gkl(0)g(2)kl g(0)ab =
(
L
k +
∆
k P
′2 −∆k P ′
−∆k P ′ ∆k
)
.
(32)
Using (29), its components are shown to satisfy
2pi 〈T++〉 = S′′L +
6
c
(S′2L + S
′2
P ) (33)
2pi 〈T+−〉 = 6
c
S′P S˙P (34)
2pi 〈T−−〉 = 6
c
S˙2P (35)
where prime denotes a derivation with respect to t+ and
the dot a derivation with respect to t−. Another set of
relations can be derived in terms of the currents respon-
sible for the Virasoro-Kacˇ-Moody charges (20). Defining
2pi 〈TL〉 = L−∆P ′2 , 2pi 〈TP 〉 = ∆ + 2∆P ′ (36)
one has
2pi 〈TL〉 = S′′L +
6
c
(S′2L − S′2P ) (37)
2pi 〈TP 〉 = 6
c
(S˙2P − 2S′P S˙P ) . (38)
These equalities are WCFT analogues of the QNEC
saturation equations (16). Whether or not some of them
can be turned into inequalities when matter is added
will be reported elsewhere [26].
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